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Structures of quantum Fokker-Planck equations are characterized with respect to the properties 
of complete positivity, covariance under symmetry transformations and satisfaction of equipartition, 
referring to recent mathematical work on structures of unbounded generators of covariant quantum 
dynamical semigroups. In particular the quantum optical master equation and the quantum Brow- 
nian motion master equation are shown to be associated to U(l) and R symmetry respectively. 
| Considering the motion of a Brownian particle, where the expression of the quantum Fokker-Planck 

■ equation is not completely fixed by the aforementioned requirements, a recently introduced micro- 

physical kinetic model is briefly recalled, where a quantum generalization of the linear Boltzmann 
equation in the small energy and momentum transfer limit straightforwardly leads to quantum 
<— ( . Brownian motion. 
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I. INTRODUCTION 



A theory of quantum dissipation, even restricted to the Markovian case, is a subject of major interest for many 
different scientific communities, ranging from mathematicians to physicists and chemists, according to various per- 
spectives. Among these in first line experimental applications in phenomena where spontaneous emission, decohcrence 
and dissipation play an important role, but also theoretical studies regarding the connection between quantum and 
classical description of dynamics, since, thanks to the lack of simple quantization recipes, such as the correspondence 
principle, dissipative systems become a fruitful working area where typical quantum structures may emerge. This 
interest has led to a huge number of proposals of Markovian master equations for the description of such dissipative 
phenomena, based on microphysical, phenomenological or purely mathematical approaches (see references in [[l] [|). 
not always accompanied by clear statements with regard to obeyed physical and mathematical properties, thus often 
leading to amendments of these models in view of some missing desired feature. This is in particular true with re- 
spect to the property of positivity or complete positivity |jj , proper distinction between Hamiltonian and dissipative 
^ part H , translational invariance , and decoherence effects [|| . 

As a result some efforts have been made to compare and characterize the different proposals in view of relevant 
mathematical and physical properties: preservation of the positivity of the statistical operator, existence of a suitable 
canonical stationary state, and translational invariance ]9|-[ri|P,p^| . The main starting point for this research work 
was the result of Lindblad for the most general structure of bounded generator of a completely positive quantum 
dynamical semigroup Jl3| , together with his paper on quantum Brownian motion JLlj , in which some of these issues 
were already considered. Complete positivity, actually equivalent to positivity for the considered Markovian quasi-free 
systems [ flq l, ensures that the statistical operator preserves positivity during the time evolution, and has emerged as 
a typical quantum feature, corresponding to the requirement that positivity of the time evolution is preserved under 
entanglement. It is in fact by now an essential property in the realm of quantum communication |Ls| ], even though its 
origins lie in the theory of quantum measurement [ [L7[ . The result of Lindblad rigorously holds for bounded operators, 
though it is usually exploited as a starting point also for unbounded operators, leaving in this case the task open, to 
show that the considered structure is a proper generator of a completely positive quantum dynamical semigroup. 

In this paper we will try to further clarify the situation, showing that if besides complete positivity and equipartition, 
i.e. , existence of a suitable canonical stationary solution, proper covariance properties of the generator of the dynamics, 
reflecting the relevant symmetries of the reservoir (and therefore not necessarily only translational invariance), are 
taken into account, a suitable characterization of two different classes of master equations can be given in a very neat 
way. In particular with the two one-dimensional Lie groups U(l) and R two distinct type of master equations are 
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associated, describing respectively the damped harmonic oscillator (the so-called quantum optical master equation) 
and the motion of a Brownian particle (the so-called quantum Brownian motion master equation), which, despite 
the fact that their physical realm of validity is essentially well-understood jL8j, are sometimes mixed up 0, their 
characterization in connection to underlying symmetry of the reservoir being usually neglected fig] . Recent work 
on completely positive quantum dynamical semigroups has shown that, asking for suitable covariance properties, 
a characterization of generators of such semigroups can be given also in the case of unbounded operators, where 
very few results are available p9| , so that one can check whether a proposed formal Lindblad structure is indeed a 
proper generator of a quantum dynamical semigroup. The room left by these mathematical and physical requirements 
should be covered by microphysical approaches, determining their relevance and predictive power. It turns out that 
the quantum optical master equation is in the essence fixed by these requirements, while in the quantum Brownian 
motion case there is a non trivial freedom left, thus explaining the huge, sometimes contradictory literature devoted to 
the quantum Brownian motion master equation. In this connection a recently obtained p0|-p2]| microphysical model 
for the quantum description of the motion of a Brownian particle is presented, derived from a quantum version of the 
linear Boltzmann equation |23|,|24| , extending previous phenomenological models |2j| where dissipation effects leading 
to the correct stationary solution could not be accounted for. For further work relying on symmetry properties in the 
case of a fermionic oscillator see [^G| . 

The paper is organized as follows: in Sec. [n] we recall the most general Lindblad structure corresponding to 
a quantum Fokker-Planck equ atio n, further showing the expressions that come out asking for shift-covariance or 
translation-covariance; in Sec. Ill we outline the results of a microphysical model for the description of quantum 
Brownian motion, obtained from a quantum linear Boltzmann equation expressed in terms of the operator-valued 
dynamic structure factor of the reservoir; in Sec. IV we briefly comment on our results, indicating possible future 
extensions. 



II. GENERAL STRUCTURE OF QUANTUM FOKKER-PLANCK EQUATION WITH A LINDBLAD 

STRUCTURE 



In order to give a quantum description of dissipative phenomena which at the classical level are described by 
second-order Fokker-Planck equations, we first concentrate on generalizations of the quantum Liouville equation 
which preserve trace and positivity of the statistical operator, also possibly accounting for friction effects. This can 
be done considering the most general expression of generator of a completely positive quantum dynamical semigroup 
(complete positivity being for these Markovian quasi- free systems necessary in order to preserve positivity fl5|| ), given 
by a Lindblad structure in which position and momentum operator for the microsystem (respectively x and p) appear 
restricted to bilinear expressions, according to the classical approximations leading to a friction term proportional 
to velocity. The general expression of a Markovian quantum Fokker-Planck equation preserving the positivity of the 
statistical operator is thus given, in the one-dimensional case to which we will restrict for simplicity, by 
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where Hq is a self-adjoint operator given by a quadratic expression in x and p describing the free system, and the 
added Hamiltonian term proportional to p has been introduced for later convenience. For the sake of comparison 
with classical Fokker-Planck equations, in order to make the intuitive physical meaning of the different contributions 
clear, (nj) is usually conveniently written in the following form using nested commutators and anticommutators |to|: 
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where due to [p, [x, •]] = [x, [p, •]] actually D xp — D px and the new coefficients are related to cti and /3, through the 
equations 
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so that the following inequalities hold 
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which are necessary and sufficient conditions for an expression of the form (|2|) to be cast in Lindblad form, corre- 
sponding to the requirement that the matrix of coefficients |f?7f 
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has a nonnegative determinant. 

An alternative but equivalent expression for (|J) can be given introducing, with the aid of a length I, whose physical 
meaning and expression will depend on the system to be described, creation and annihilation operators a and a 1 ': 
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satisfying the commutation relation [a,a + ] = 1. One thus obtains the expression: 
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or equivalently, collecting terms as in (fil) 
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The recalled expressions essentially give the possible Lindblad structures at most bilinear in the operators x and p or 
a and a*. 



A. Shift-covariance 



We now analyze the behavior of the considered expressions with respect to suitable symmetry transformations. 
Consider a locally-compact group G and a unitary representation U(g), with g S G, on the Hilbert space of the 
system: following p8[ we say that a mapping J- in the Schrodinger picture is G-covariant if it commutes with the 
mapping U g [] = U(g)- U\g) for all g G G 

F[U a [}]=U g m]. (7) 
Let us now consider the following unitary representation of the group U(l) 

where N = a^a is the number operator and cf> £ [0, 2tt]. If we now ask for the general expression (||) invariance under 
the action of the group U(l), i.e., shift-covariance according to [29] 
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then the Hamiltonian has to be a function of the generator of the transformation N, and the following stringent 
requirements appear: 
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Note that the condition p = appears here as a necessary condition for shift-covariance or invariance under the 
relevant symmetry group and not as a natural or most simple choice as sometimes advocated From a physical 
point of view the master equation is expected to reflect the relevant symmetry of the reservoir the microscopic system 
is interacting with. Considering for example a single mode (harmonic oscillator) interacting with the electromagnetic 
field, one has a U(l) symmetry and condition (|J) is actually equivalent to the rotating wave approximation, essentially 
saying that the master equation is invariant under the transformation 
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or equivalently in terms of x and p 
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The rotating wave approximation is therefore strictly linked to a U(l) symmetry and one cannot expect or try to 
obtain translational invariance in this case Q . 

If now one further makes the choice H (N) — hcu(N + i) corresponding to a single mode (harmonic oscillator) and 

asks that an operator with the canonical structure po ~ e~P H °^ be a stationary solution, i.e., A4^\ [po] = 0, a further 
connection between the coefficients of the master equation appears |Io| 
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where (3 is the inverse temperature characterizing the thermal electromagnetic field the mode is interacting with. The 
requirements of complete positivity, shift-covariance and existence of the expected canonical stationary solution then 
fix the quantum Fokker-Planck equation to be of the form 
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or in terms of the average of the number operator over a thermal distribution 
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setting 77 = 27 
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i.e., the well-known quantum optical master equation for the description of a damped harmonic oscillator (for a recent 
review see ||(|), where the only free parameter is the decay rate r\ and a further freedom appears in the commutator 
term, where a function of N corresponding to a frequency shift may be considered. The quantum optical master 
equation is therefore essentially fixed by formal requirements, well in accordance with its stability with respect to 
microphysical derivations, which are in fact predictive in so far as they give explicit expressions for 77 and the energy 

shift. As a last step, using as natural length of the problem I — J jj^, (|l(]) may be written in terms of x and p as 
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where invariance under (^) can be easily checked. 

That U(l) symmetry or shift-covariance may lead under suitable restrictions to the quantum optical master equation 
can also be seen considering the recently obtained most general structure of a proper generator of a shift-covariant 
completely positive quantum dynamical semigroup given in [E9L where also the unboundedness of the operators 
appearing in the formal Lindblad structure has been taken in due account, using the notion of form-generator. The 
formal operator expression associated to the form-generator is: 



C[p] = 4 [h(N),p] + A (N)p4(N) - \ {a4(n)A (n)} 
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where -ff(-) = H*(-), Ai(-) are functions of the number operator, and W = X^^o \ n + l)( ?1 l ^ the so-called shift- 
operator f3l]] . Recalling the polar decompositions a f = W"\/l\l + 1 and a = W^\/i\f, for the following simple choice of 
functions: 

H(n) = H (n) = htu ( n + 
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where 



A-i(n) = eiV7p)v^, 



7 (/3) = 7 



coth ( -/3?kj ) - 1 



one recovers from (^Tj) the quantum optical master equation. 

It is interesting to observe that complete positivity, shift-covariance and the requirement of a canonical stationary 
solution also allow as a proper generator of a quantum dynamical semigroup the following expression 
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where 



lm{0) = 7 m 

Eq. (|l^) provides a generalization of the quantum optical master equation in which both phase-diffusion, related to 
the coefficient 70, and m-photon processes with decay rates rj m — 2 m j m , which should quickly approach zero in order 
to allow for non-explosion of the associated Markov process, can be considered. Thus far we have dealt with the case 
of shift-covariance, corresponding to U(l) symmetry of the system with many degrees of freedom acting as reservoir 
and determining the non-Hamiltonian dynamics of the microsystem. 
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B. Translation-covariance 



We now consider the case in which the relevant symmetry is invariance under translations, corresponding to a 
homogeneous reservoir. Given the unitary representation of the translation group 
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where p is the momentum operator of the microsystem and 6 G R, translation-covariance according to p2| amounts 
to the requirement 

£xp[e"^ • e+^P] = e-^Ap[-]e + ^P. (13) 

Invariance under the group R of translations thus implies for the structure of the quantum Fokker-Planck equation that 
the Hamiltonian has to be a function of the generator of the transformation p and the following simple requirement 
in the coefficients appearing in @ 

\i = 7. 

Considering for example a free particle interacting with a homogeneous reservoir, one has R symmetry corresponding 
to invariance under translations, which is reflected by the fact that according to ( |l3| ) the master equation is invariant 
under the transformation 
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Further making the obvious choice -ffo(p) = 2M 7 corres P on ding to a free particle of mass M and asking that an 
operator with the canonical structure po = e~@ H °^ be a stationary solution, i.e., £xp[po] = 0, one has the condition 
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with f3 the inverse temperature of the homogeneous reservoir. The requirement of complete positivity, translation- 
covariance and existence of the expected stationary solution thus constrain the quantum Fokker-Planck equation to 
be of the form 
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i.e., the typical structure one finds in the extensive physical literature aiming at the description of quantum Brownian 
motion (see [|l]|| for a review) . With respect to the case of the quantum optical master equation (jl^) the remaining 
freedom in the structure is much bigger: apart from the friction coefficient 7 and a real function of p correcting the 
Hamiltonian, the coefficients D xx and D px are undetermined except for the relation 
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stemming from (||). This is reflected by the fact that a much wider literature has been devoted to the subject, looking 
for microphysical derivations of the quantum Brownian motion master equation, in order to obtain expressions for 
the undetermined parameters. 

We now compare the result ( [14|) with the general structure of a proper generator of a translation-covariant quantum 
dynamical semigroup, given in jp2fl , where also the case of an unbounded generator has been considered, introducing the 
notion of form-generator and specifying a suitable domain for the mapping. Restricting to the continuous component 
of the generator, corresponding to a quantum Fokker-Planck equation describing friction and diffusion, one has for 
the formal operator expression associated to the form-generator the following result 

Hp] =-^[/3x + iJ(p),p] + aV / 5V t -k j o- / 5K t (3 e R, a > (15) 
Ti 
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H{-) — H*(-), L(-) being functions of the momentum operator p, and f3 ^ implying e.g., a constant gravitational 
or electric field. According to (jl^) one has a single operator of the form V = x + L(p) (or one for each Cartesian 
coordinate considering higher dimensions) instead of two as considered in ([!]). Expressing (|l5| ) in terms of nested 
commutators and anticommutators as in (|2|), restricting to the case in which L(-) is a linear function, according to 
the fact that we are considering friction effects at most linear in the velocity, the inequalities in (JsJ) , corresponding to 
the fact that the determinant of the matrix given in (^) be zero or positive, now become more restrictive: 
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corresponding to detD = 0. Coming back to (JIJ) this implies the further restriction 
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so that apart from the overall multiplying coefficient 7 only another coefficient D px is left free, and one has 
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Therefore a predictive microphysical model of quantum Brownian motion essentially has to indicate an explicit 
expression for the coefficients 7 and D px . 

It is interesting to express (|ili| ) in terms of the creation and annihilation operators given in (||). Setting = A 2 h , 
the square of the thermal wavelength of the microsystem undergoing Brownian motion, one has: 
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Eq. ([I?]) strongly simplifies if one takes for the length I, used in order to introduce the operators a and a + in terms of 
the operator position and momentum of the particle, the value I = A th = J naturally suggested by the underlying 
physics. With I the thermal de Broglie wavelength ([l7]) reduces to 
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where the last three contributions can only vanish if the real coefficient D px is equal to zero, corresponding to 
£,(.) = -£*(•) in (§J). Eq. © or equivalently © express the general structure of a quantum Fokker-Planck equation 
which is invariant under translation, warrants the existence of the expected canonical expression as a stationary 
solution, thus recovering equipartition, and is furthermore a proper generator of a completely positive quantum 
dynamical semigroup. 



C. Covariance and uniqueness of the stationary solution 

In recent work P,|l2]| aiming at comparing and clarifying different approaches to quantum dissipation, which relies 
on |H but neglects the more recent and thorough results of p2| , p9[ , the statement can be found that no Markovian 
theory can satisfy all three criteria of positivity, translational invariance, and asymptotic approach to the canonical 
equilibrium state e~^ H °, except in special cases. This statement is always correct in view of the last observation, 
and these simple exceptional cases, which are usually not spelled out, can be read in ([ll]): the microsystem has to 
be a free particle apart from an effective correction to the Hamiltonian, given by a real function of p describing for 
example an effective mass, and a potential term depending linearly on position (such as, e.g., a constant gravitational 
or electric held). These cases are often neglected, having in mind that translational invariance, mainly seen as an 
abstract property rather than the expression of homogeneity of the reservoir, should be always asked for. In this spirit 
translational invariance, i.e., R symmetry, is asked for also for the damped harmonic oscillator. 

The three physical requirements one can reasonably ask together for Markovian systems in the weak-coupling 
limit are complete positivity, existence of the stationary solution predicted by equipartition and invariance under the 
relevant symmetry, not necessarily translational invariance. Having translational invariance apart from the potential 
term is not physically significant since the potential term actually breaks this invariance, and would furthermore lead 
to high non-uniqueness of the stationary state, as argued below. The dynamics of the microsystem is driven by both 
the potential term (which could also arise as a mean held effect) and the contributions describing decoherence and 
dissipation, so that a physically relevant symmetry should pertain to the system as a whole. Let us in fact consider a 
mapping T covariant with respect to a given symmetry group G according to (Q), which admits a stationary solution 
Po, i.e., ^[po] = 0. If the operator po is not invariant under the unitary representation lA g of G, so that 

Pa = u g[Po\ 

is linearly independent from po at least for some g in G, due to the G-covariance of p g still is a stationary solution 

F[p g ]=Fp g [po}]=U 9 [FlP }]=0, 

so that one cannot have the expected uniqueness of the solution. In the case of the one-dimensional Lie groups 
considered in Sec. || for example a stationary solution can be unique only if it commutes with the generator of the 
group. Note that this simple argument is independent on whether the mapping T ensures complete positivity of the 
time evolution or not, so that the clash between the requirement of translation invariance and the existence of the 
correct stationary state corresponding to equipartition is not due to the requirement of complete positivity of the 
time evolution mapping. 



III. QUANTUM FOKKER-PLANCK EQUATION FOR THE MOTION OF A BROWNIAN PARTICLE 



As we have shown in Sec. II A, in the case of an underlying U(l) symmetry formal requirements are enough to 
essentially fix structure and coefficients of the quantum Fokker-Planck equation, apart from an energy shift and 
an overall coefficient. The same is not true in the case of R symmetry describing translational invariance. In this 
paragraph we therefore quickly recall a recently proposed quantum Fokker-Planck equation for the description of the 
motion of a heavy Brownian particle interacting through collisions with a homogeneous fluid made up of much lighter 
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particles (see |E0lEl|,E3| for details). This result has been obtained within a kinetic approach, where the dynamics is 
driven by single events described as collisions in which one generally has momentum and energy transfer, alternative 
to the Zwanzig Caldeira Leggett approach |53| (recently criticized in where one describes the reservoir as a 

collection of harmonic oscillators coupled to the microsystem through its position, usually performing calculations in 
terms of path-integral techniques. 

In the aforementioned approach one obtains in the first instance a kinetic equation for the statistical operator 
analogous to the classical linear Boltzmann equation given by the simple expression 
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where t(q) is the Fourier transform of the T-matrix describing the microphysical collisions and the function S(q, p) 
appearing operator-valued in jl9| ) is a positive two-point correlation function known in the physical community as 
dynamic structure factor fl35f , usually expressed as a function of momentum and energy transfer, q and E, according 
to 



S(q,p) = S(q,£) E(q,p) = 
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with M the mass of the Brownian particle. The dynamic structure factor S(q, E) is the Fourier transform of the 
two-point time dependent density autocorrelation function of the fluid 
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and is always positive since it is proportional to the energy dependent scattering cross-section of a microscopic probe 
off a macroscopic sample pql , giving the spectrum of its spontaneous fluctuations. Equation (|l9| ) also has the three 
properties of complete positivity, translational invariance and canonical stationary solution, and it actually gives a 
physical example of the general structure of generator of a translation-covariant quantum dynamical semigroup [p2| , 
going beyond the diffusive case considered in ([ll]) . In order to recover from the general integral kinetic equation ( |19| ) 
a quantum Fokker-Planck equation for the description of the Brownian motion of a heavy particle one has to consider 
the limit of small momentum transfer and small energy transfer (corresponding to the Brownian limit in which the 
mass of the test particle is much heavier than the particles of the fluid) . Considering a gas of free particles obeying 
Maxwcll-Boltzmann statistics, due to 
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one has |E3| 
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In this kinetic case the free parameters in (Lq) are now determined as: 
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with z — e^^ the fugacity of the gas |57j , while D xx and D pp are expressed in terms of 7 as can be read in ( |l6| ) 
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Also the expression of ( p2|) in terms of the operators a$ and a* according to ( |18| ) takes in this case a particularly simple 
form 



so that one has a single ij = 
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(23) 



1M + i^jPi) operator for each Cartesian coordinate. 
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IV. CONCLUSIONS AND OUTLOOK 



The main scope of this paper was to show how relevant symmetries can be in the determination of structures of 
quantum Fokkcr-Planck equation. While in the literature only translational invariance is considered and asked for also 
in the case of the damped harmonic oscillator, leading to no go statements regarding the possibility of having quantum 
Fokker-Planck equations with all the physically relevant features (complete positivity, covariance and equipartition), 
we here considered both one-dimensional Lie groups U(l) and R, showing that they are connected to two distinct 
classes of quantum Fokker-Planck equations: the quantum optical master equation associated to shift-covariance and 
the quantum Brownian motion master equation associated to translation-covariance. That these two classes of models 
actually correspond to different physics can also be seen in connection with recent studies on their properties with 
respect to decoherence ||. In particular, independently of complete positivity of the time evolution, it has been shown 
that covariance properties put severe restrictions on the structure of the stationary solution, provided uniqueness is 
asked for. 

In the case of shift-covariance a generalization of the quantum optical master equation has been proposed, in which 
also m-photon processes can be considered. Moreover recent mathematical results by Holevo have been considered, 
concerning the structure of generators of completely positive quantum dynamical semigroups and leading to further 
restrictions in the quantum Brownian motion case. For the Brownian motion of a test particle in a fluid, where formal 
requirements are not enough to essentially hx the structure of the quantum Fokker-Planck equation describing the 
phenomenon, a recent microphysical approach has been briefly recalled, based on scattering theory, where the quantum 
Fokker-Planck equation is obtained as the small momentum and energy transfer limit of a quantum generalization 
of the classical linear Boltzmann equation. Covariance properties with respect to some physically relevant group, 
typically reflecting a symmetry under certain transformations of the given reservoir, can therefore be a most useful 
requirement in the determination of structures of quantum Fokker-Planck equations or more generally of linear kinetic 
equations. 

An interesting extension of this work would entail the study of generators of the dynamics of systems in which one 
has an important correlation between internal and translational degrees of freedom, both coupled through different 
interactions to some reservoir, a problem recently considered in |38|, where the translational degrees of freedom 
are treated in a classical way, assuming decoherence is strong enough. Such models could be of interest for the 
implementation of quantum computing, where indeed some experimental scheme actually relies on a coupling between 
internal and center of mass degrees of freedom [p9| . 



ACKNOWLEDGMENTS 



The author would like to thank Prof. L. Lanz for many useful suggestions during the whole work and Prof. A. 
Barchiclli for useful discussions. He also thanks Dr. F. Belgiorno for careful reading of the manuscript. This work 
was partially supported by MIUR under Cohnanziamento and Progetto Giovani. 



[1] A. Isar, A. Sandulescu, H. Scutaru, E. Stefanescu and W. Scheid, Int. J. Mod. Phys. E 3, 635 (1994). 
[2] D. Kohen, C. C. Marston and D. J. Tannor, J. Chem. Phys. 107, 5236 (1997). 
[3] A. Isar, Fortschr. Phys. 47, 855 (1999). 

[4] V. Ambegaokar, Ber. Bunsenges Phys. Chem. 95, 400 (1991); L. Diosi, Europhys. Lett. 22, 1 (1993); L. Diosi, Physica A 
199, 517 (1993); P. Pechukas, in Large Scale Molecular Systems, edited by W. Gans, A. Blumen, and A. Amann, NATO 
ASI Series (Plenum Press, New York, 1991), Vol. 258, p. 123; 

[5] H. M. Wiseman and W. J. Munro, Phys. Rev. Lett. 80, 5702 (1998); S. Gao, ibid. 80, 5703 (1998); G. W. Ford and 
R. F. O'Connell, Phys. Rev. Lett. 82, 3376 (1999); S. Gao, ibid. 82, 3377 (1999). 

[6] G. W. Ford and R. F. O'Connell, Phys. Lett. A 215, 245 (1996). 

[7] R. F. O'Connell, Phys. Rev. Lett. 87, 028901 (2001); B. Vacchini, ibid. 87, 028902 (2001). 

[8] C. Anastopoulos and B. L. Hu, Phys. Rev. A 62, 033821 (2000); A. G. Kofman, Phys. Rev. A 64, 033809 (2001). 

[9] V. V. Dodonov and V. I. Man'ko, in Group Theoretical Methods in Physics, edited by M. A. Markov, V. I. Man'ko and 
A. E. Shabad, (Harwood Academic, New York, 1985), p. 705. 
[10] A. Sandulescu and H. Scutaru, Ann. Phys. (N. Y.) 173, 277 (1987). 
[11] A. Isar, A. Sandulescu and W. Scheid, J. Math. Phys. 34, 3887 (1993). 



10 



Y. Yan, F. Shuang, R. Xu, J. Cheng, X. Li, C. Yang, and H. Zhang, J. Chem. Phys. 113, 2068 (2000). 
G. Lindblad, Commun. Math. Phys. 48, 119 (1976). 
G. Lindblad, Rep. Math. Phys. 10, 393 (1976). 
P. Talkner, Ann. Phys. (N. Y.) 167, 390 (1986). 

B. Schumacher, Phys. Rev. A 54, 2614 (1996); A. S. Holevo, Statistical Structure of Quantum Theory, Lecture Notes in 
Physics, Vol. m67, (Springer, Berlin, 2001). 

K. Kraus, States, Effects and Operations, Lecture Notes in Physics, Vol. 190, (Springer, Berlin, 1983); K.-E. Hellwig, Int. 
J. Theor. Phys. 34, 1467 (1995). 

C. W. Gardiner and P. Zoller, Quantum Noise 2nd ed. (Springer, Berlin, 2000). 

A. S. Holevo, in Irreversibility and Causality, A. Bohm, H.-D. Doebner and P. Kielanowski Eds., Lecture Notes in Physics, 
Vol. 504, (Springer, Berlin, 1998), p. 67. 

B. Vacchini, Phys. Rev. Lett. 84, 1374 (2000). 
B. Vacchini, Phys. Rev. E 63, 066115 (2001). 

L. Lanz and B. Vacchini, Int. J. Mod. Phys. A 17, 435 (2002). 
B. Vacchini, J. Math. Phys. 42, 4291 (2001). 
B. Vacchini, Phys. Rev. E to appear. 

E. Joos and H. D. Zeh, Z. Phys. B 59, 223 (1985); M. R. Gallis and G. N. Fleming, Phys. Rev. A 42, 38 (1990); R. Alicki, 
Phys. Rev. A 65, 034104 (2002). 

F. Benatti and R. Floreanini, J. Phys. A: Math. Gen. 33, 8139 (2000). 
A. Barchielli, Nuovo Cimento 74B, 113 (1983). 

A. S. Holevo, J. Math. Phys. 37, 1812 (1996). 

A. S. Holevo, J. Funct. Anal. 131, 255 (1995); A . S. Holevo, Rep. Math. Phys., 33, 95 (1993). 



B.-G. Englert and G. Morigi, ^uant-ph/0206116, to appear in "Coherent Evolution in Noisy Environments", Lecture Notes 
in Physics, (Springer Verlag, Berlin- Heidelberg- New York). 

A. S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory (North-Holland, Amsterdam, 1982). 
A. S. Holevo, Izvestija RAN, Ser. Mat. 59, 205 (1995); A. S. Holevo, Rep. Math. Phys., 32, 211 (1993). 
R. Zwanzi g, J. Stat. Phys. 9 215 (1973); A. O. Caldeira and A. J. Leggett, Physica A 121, 587 (1983). 



R. Alicki, yiant-ph/0205173 



S. W. Lovesey, Theory of Neutron Scattering from Condensed Matter (Clarendon Press, Oxford, 1984). 
L. van Hove, Phys. Rev. 95, 249 (1954). 

K. Huang, Statistical Mechan ics (John Wiley fc Sons, New York, 1987). 



R. Alicki and S. Kryszewski, 3hysics/0202001 



The Physics of Quantum Information, D. Bouwmeester, A. Ekert and A. Zeilinger Eds., (Springer, Berlin, 2000). 



11 



